Abstract
The model consists of two parts: the genotype to phenotype map, and the phenotype to 167 fitness map.
168
a. Genotype to phenotype map 169 We represent the genotype to phenotype map by a one-layer perceptron which maps genotype v to phenotype z using the equation
where z i ∈ {0, 1} is the ith component of z and v j ∈ {0, 1} is the jth component of v. Figure1). The probability that each t ij has a non-zero value is given by the parameter c, so that P r(t ij = γ) = P r(t ij = −γ) = c/2, and P r(t ij = 0) = 1 − c. It is evident that in order
182
for trait i to be present (z i = 1), j t ij v j must be greater than the threshold value h i . value 183 h i .
b. Calculation of robustness
Consider the argument to σ in (1), given by
We define the proportion of v which is 1 to be a. We let the elements t ij in the T matrix 186 to be i.i.d, and h i is drawn from a Normal distribution N (0, acL), which is independent of 187 γ. We can derive the probability of change in z i when v j mutates.
188
Before mutation, when L is large, using the central limit theorem,
189
y i ∼ N (0, (1 + γ 2 )acL)
When v k mutates, the probability of flipping bits in z i is given by P = 2 · P (y i in the range (−γ, 0)) · P (when v k mutates, y i increase γ) 
where Φ(x) represents the CDF of the standard normal distribution. This argument shows 190 that γ is a parameter that controls robustness.
191
An alternative way to control robustness can be obtained by rescaling h i . We rewrite equation (2) as
where h i = (α − 1) j t ij v j + h i . Then the probability that a mutation will change a trait is given by
Thus, at fixed γ, robustness can also be controlled by varying α. Fitness is a function of phenotype z and environment b, where the components z i and b i are ∈ 0, 1. The dependence of fitness on z and b could be quite complex, but in the present application we consider the environment to specify a trivially explicit optimum phenotype, which denotes the most fit state for each trait in such an environment. An individual's absolute fitness w is defined as the proportion of n traits in a phenotype z that match those of an optimal phenotype b, so that
where D(b, z) is the Hamming distance between the two vectors.
194

B. Forward evolutionary simulation
195
A haploid Wright-Fisher forward population simulation was employed to simulate evolution 196 using the parameter values given in Table 2 . The threshold h i is drawn from a Normal 197 distribution N (0, acL).
198
In each generation, µLN mutations are introduced into the population. Each muta-199 tion corresponds to flipping a randomly selected bit in v. The phenotype is calculated for 200 each new genotype, the fitness is calculated from (6), and the next generation is sampled
201
proportionately to the fitness.
202
These simulations are performed under three enviromental regimes. For E opt , the "opti-203 mal environment," the environment b is set to be the initial phenotype z in the population.
204
A "new environment" E new is represented by two possible types of environment. we add a robustness locus r which mutates at rate µ r . Eight levels of robustness are possible,
214
represented by three bits (Table S1) Figure 1B ).
251
(Equation (6)), Figure 1C . absolute fitness is defined as the proportion of its traits that match the optimal phenotype.
256
Robustness in the model corresponds to the sensitivity of a phenotype to a single mutation 257 in v, manifested by the probability that a trait in z changes as a consequence of this mutation.
258
The probability P that a trait z i changes as a consequence of a mutation of v i is given in 259 (Eq. 3). Genetic robustness in this formulation can be defined as 1 − P , or n(1 − P ). Under
260
the genotype-to-phenotype function, as γ increases over its range, so too does the number of of 1000 (parameters given in Table 2 ).
269
We evaluate evolution at different robustness levels by carrying out Wright- a. Evolution in a constant, optimal environment (E opt )
291
We first examine evolution under an environment to which the population is initially fixed 292 for the optimal genotype (E opt ; Figure 4A ). Models of robustness are often explored under tribution of selective effects remains negatively skewed with a negative mean ( Figure S1D ).
306
The reduction in population mean fitness is driven mostly by fixed mutations rather than 307 segregating mutations ( Figure S2 ). In fact, a greater proportion of mutations are purged 308 from the population when robustness is low, resulting in lower mean population heterozy-309 gosity ( Figure S1A ). The loss of fitness when robustness is lower, we hypothesize, may be 
313
We also investigated evolution under E opt for all combinations of values of n and L ∈ 314 {100, 1000, 10000}, with all other parameters being the same ( Figure S3 ). Within the robust- 
327
This leads to the expected initial mean fitness of population to be 0.5 according to our fitness 328 definition ( Figure 4B ). We find that populations with low robustness (γ = 10) adapt more 329 quickly than those with high robustness (γ = 0.1). Low robustness populations also reach substantially higher equilibrium mean fitness than high robustness populations ( Figure 4B ).
331
Both of these observations-the initial rate and the final mean fitness of population-have 332 monotonic relationships with robustness in the chosen parameter range of γ ( Figure S4 ).
333
The increase of population mean fitness is driven mostly by fixed mutations ( Figure S2 ).
334
The aforementioned simulations were initialized with a genetically homogeneous popula-335 tion, whereas most populations will be genetically variable prior to an environmental shift.
336
We therefore investigated whether initial genetic variability affects the ability of a population 337 to evolve to a new optimum phenotype, noting that robust populations are more genetically 338 variable than a less robust populations ( Figure S1A ). We initialized populations by subject-
339
ing them to 8×10 6 generations of stabilizing selection under E opt ( Figure 4A ) before applying by Fishers fundamental theorem of natural selection).
355
High robustness populations also reach a lower fitness plateau than low robustness popu- it can evolve to a phenotype closer to the random phenotypic target ( Figure 4C ).
365
To test this hypothesis, we set up the initial "random" optimal environment b * * such that 366 its corresponding optimal phenotype is reachable within each population's genotypic search 367 space ( Figure 4D ). Under this scheme, populations achieved similar mean fitness for each shown in Figure 4E ).
380
The phenotypic effects of mutations regulated by γ are restricted to a relative small range 382 constrained by the model (Figure 2 ). Varying alpha allows us to explore a wider range of 383 robustness ( Figure 3 ). As before, we investigate alpha for populations under E opt and E new
384
(with γ set to 1).
385
Rather than the monotonic relationship of robustness to fitness found when varying γ as in previous simulations to assure that asymptotic population fitness was achieved (1.6×10
total). Typical trajectories are summarized in Figure 5A and 5B (see Figure S5 , S6 for all generations but populations nevertheless can remain trapped at low fitness ( Figure S9 ).
420
In Figure 5H , the fixation rate (the average number of substitutions per 1000 generations) Figure 5C ), using three bits to represent 436 the eight states (Table S1) 
450
For populations adapting to a novel environment (E new ), the lowest robustness allele is fitness then proceeds to increase along the trajectory given for fixed α = 0.5, to a stable 457 mean population fitness of ≈ 0.7 ( Figure 6F ). Thereafter, it does not improve any further.
458 Surprisingly, this is not nearly the highest fitness the population could have achieved. For 459 example, with fixed α = 2.5 mean fitness rises to nearlyw = 0.9. (Figure 6F ). The high 460 robustness genotype fixed early despite the fact that it prevents the population from evolving 461 to a higher fitness.
462
We hypothesized that this behavior could depend on the specific parameterization or 463 assumptions of the model. We investigated these possibilities by varying the mutation rate 464 of the robustness locus r, and also allowing the robustness locus to recombine with v.
465
We found that decreasing or increasing mutation rates at the robustness locus increases the fitness of the population ( Figure 7B ). Indeed, the highest mean fitness is reached when at 471 the maximum recombination rate (r = 0.3) between r and v in the simulation ( Figure 7E ).
472
These results show that the dynamics of adaptation when robustness can also simultaneously 473 evolve is sensitive to the genetic parameters (i.e., mutation and recombination rates) of the 474 system.
475
Discussion
476
Our model and simulations explored the relationship between robustness and evolvability.
477
Two models were investigated, one in which robustness is set at fixed values of γ and α
478
and evolutionary dynamics are compared across a range of robustness levels (Figure 4, 5 
543
The simulations revealed limits on the ability of selection to evolve to a new optimal 544 phenotype, especially under high robustness ( Figure 4B ). We attribute this constraint on 
569
For simulations in which robustness is encoded as a mutable locus allowing both pheno-570 type and robustness to evolve simultaneously, we discovered that high robustness alleles could 571 be selectively favored relatively early on, hindering the population from achieving a higher 572 mean fitness (compared to simulations with a constant but slightly lower robustness level).
573
This is another way in which high robustness might constrain adaptation. Upon further in-574 vestigation, this constraint was found to be dependent on the lack of recombination between 575 the robustness locus and genes directly controlling phenotype, and also on the mutation rate 576 at the robustness locus. This selective advantage of higher recombination between the loci 577 controlling robustness and phenotype might be relevant to the physical architecture of genes. 
698
The light grey rectangle-shaded area shows the similar parameter range of robustness as γ. D.
699
Same as C under E new . E. Mean fitness of each population after 2 × 10 4 generations under E new . F.
700
The relationship of the cumulative number of fixations to the final mean fitness of population under 
